Abstract Some Functionally Graded Materials contain pores due to the result of processing; this influences their elastic and mechanical properties. Therefore, it may be very useful to examine the vibration behavior of thin Functionally Graded Annular Plates Clamped at both edges including porosities. In the present study, the rule of mixture is modified to take into account the effect of porosity and to approximate the material properties assumed to be graded in the thickness direction of the examined annular plate. A semi-analytical model based on Hamilton's principle and spectral analysis is adopted using a homogenization procedure to reduce the problem under consideration to that of an equivalent isotropic homogeneous annular plate. The problem is solved by a numerical iterative method. The effects of porosity, material property, and elastic foundations characteristics on the CCFGAP axisymmetric large deflection response are presented and discussed in detail. 
Introduction
A lot of research and development have been carried out to investigate Functionally Graded Materials FGMs for various applications using gradients in physical, chemical, biochemical, and mechanical properties. The main characteristic that distinguishes FGMs from conventional composite materials is the possibility of tailoring the graded composition and microstructure in an intentional manner, destined to achieve the desired function. The design of FGM structures is based on an attempt to take the best benefit from the integration of the functions of refractoriness, high wear resistance hardness, thermal shock resistance, and corrosion resistance of ceramics on the one hand as well as the high strength and toughness of metals on the other hand. This has led to a variety of structural applications [1] . FGMs that are made from a mixture of metal and ceramics are typically characterized by a smooth and continuous change of the mechanical, physical, and chemical properties from one side to the other [2] [3] [4] . These FGMs designs are reported to overcome weaknesses of laminated composite materials such as de-bonding under massive stress, local large plastic deformations or the buildup of residual stresses caused by the large difference in thermal expansion coefficients among components [5] . Generally speaking, the compositional gradient obtained in FGMs offers an excellent solution for such cases as a result of a continuous transition from one material property to the other avoiding abrupt mismatch [6] , which keeps the thermo-mechanical stresses within acceptable limits and minimizes the residual thermal stresses [7] . FGMs have been widely used in aerospace, energy, electronics, and other industries. With the increasing attention of researchers, a wide variety of processes has been used in the preparation of FGMs such as powder metallurgy, vapor deposition, self-propagation, centrifugal casting, and magnetic separation [8] [9] [10] [11] [12] . All of these methods mentioned above have their own drawbacks such as high costs and complexity of the technique. The sintering process proves to be a flexible and suitable route for FGM manufacturing. However, during the process, microvoids or porosities can occur within the material, due to the large difference in the solidification temperatures between the material constituents [13] . The presence of small pores results in a sharp decrease in strength and elastic modulus. Hence, it is important to take into account the porosity effect when designing FGM structures subjected to dynamic loadings. To describe the interaction of a plate with its foundation, various basic models have Young's modulus of ceramic and metal respectively q c ; q m mass density of ceramic and metal respectively r; h; z ð Þ cylindrical co-ordinates W; U transverse and in-plane displacements of the middle plane point r; h; z ð Þrespectively u r ; u z displacements along r and z directions respectively e r ; e h radial and circumferential strains respectively V b ; V m ; V bending, membrane and total strain energy respectively V f ; T potential energy of the elastic foundation and Kinetic energy K L ; K NL ; K S Winkler, non-linear and shear layer foundation parameters respectively A 11 ; B 11 ; D 11 [24] investigated the free vibration analysis of FG thin-to-moderately thick annular plates subjected to thermal environment on elastic foundation based on the FSDT using DQM. However, the vibration analyses of structures with porosities resting on elastic foundations are rather rare and the available results are limited to FG beams with porosities [25] . Thin plates made of Functionally Graded Materials with or without an elastic foundation have found wide applications as a component in practical engineering structures such as aerospace, marine industry, biomechanics, petrochemical, mechanical and civil engineering, nuclear engineering, and reactors. There are many situations such as seismic tests, nuclear explosions, and earthquakes, in which these structures are subjected to transient loads and where large amplitudes of motion may occur, sometimes exceeding the plate thickness. Therefore, a dynamic analysis of such components taking into account the geometric nonlinearity is important for the safety and stability of the structures. In this case, the linear models are not sufficient to predict the behavior of the plates. Geometrically non-linear vibration of some structures, beams, plates and shells, with different boundary conditions has long been a subject receiving numerous research efforts, as evidenced by many analytical, semianalytical and numerical studies reported in the open literature. For a good understanding of the progress in this field, interested readers may consult the reviews presented in [26] [27] [28] [29] [30] . Compared with the free vibration analysis of FG beams and rectangular plates (see for example [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] ), the studies concerned FG circular and annular plates are very limited in number, and are briefly discussed below. Reddy et al. [43] [52] presented the effect of non-homogeneity of the material properties on the vibration frequencies of circular and elliptic plates. They used boundary characteristic orthogonal polynomials as the basis function in the Rayleigh Ritz method to solve the problem. A model based on Hamilton's principle and spectral analysis has been developed in the previous series of works [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] for non-linear free vibrations of thin straight structures, such as beams, plates, and shells. In this model, the non-linear free vibration problem is reduced to a set of non-linear algebraic equations suggested as a problem solution that has been numerically performed using appropriate algorithms in order to obtain a set of nonlinear mode shapes for the structure considered in each case, with the corresponding amplitude dependent non-linear frequencies. The main features of this approach have been discussed for the first time in [53] . However, although the works mentioned above made it quite easy to calculate the non-linear mode shapes, the non-linear frequencies and the non-linear stresses of the structures considered, via numerical solution of a small set of non-linear algebraic Eqs. ((5) for beams [54] , 6 for clamped circular plates [68] , 8 for fully clamped rectangular plates [55] , 11 for shells [57] ), it was thought that further investigations could be directed toward a further step in the development of a sort of non-linear modal analysis theory. This should allow easy calculation of the non-linear free response of thin straight structures, in terms of their classical mass and rigidity matrices, the non-linear geometrical rigidity tensor introduced in the above model, and the amplitude of vibration. The accuracy of the method, which can be considered as an extension of the Rayleigh-Ritz method to non-linear vibrations, will be mainly influenced by the choice of the admissible functions, defined by Amabili and Garziera [70] as the eigenfunctions of the closest simple problem extracted from the considered one. The objective of the present work was to determine the geometrically non-linear free vibration response of CCFGAP with porosities resting on various elastic foundations, using the theoretical model discussed above. The displacements of a given point of the middle plane of the plate are expanded in the form of finite series of admissible functions, which satisfy the boundary conditions. Upon assuming harmonic motion, the discretized expressions for the total strain and kinetic energies of the plate are then derived, and by applying Hamilton's principle, and integrating the time functions over the range 0; p= 2x ð Þ ½ to eliminate the time t, the problem is reduced to a system of coupled non-linear algebraic equations. These amplitude equations may be decoupled, by neglecting the in plane inertia. The solution is then obtained numerically using an iterative procedure described in [71] [72] [73] for fully clamped isotropic and laminated rectangular plates. The work is restricted for consideration of the fundamental axisymmetric mode in order to concentrate on the study of the influence of the material property distribution, the porosity, and the elastic foundation parameters on the plate non-linear dynamic response near to the fundamental resonance.
General formulation

Problem definition
Consider the thin functionally graded annular plate clamped at both edges (CCFGAP), of uniform thickness h ð Þ, outer radius a ð Þ and inner radius b ð Þ. It is made of a mixture of ceramic and metal whose compositions vary from the top to the bottom surface. The top surface z ¼ þh=2 ð Þof the plate is ceramicrich whereas the bottom surface z ¼ Àh=2 ð Þis metal-rich. In this investigation, the imperfect CCFGAP is assumed to have porosities spreading within the plate cross section due to a defect during production. CCFGAP's geometry and its cross-sectional area including porosity phases are shown in Fig. 1 . The numerical results presented in this paper correspond to the thickness h ¼ 0; 01 ð Þ , the outer and inner radius a ¼ 0; 5; b ¼ 0; 05 ð Þ , and the inner to outer radius ratio ða ¼ b=a ¼ 0:1Þ.
Mechanical properties of the FGAP with porosities
The material property P (e.g., Young's modulus E, mass density q and Poisson's ratio m) of the FGAP with porosities examined here is assumed to vary through the thickness of the plate, as a function of the volume fraction, the properties of the constituent materials, and the porosity volume fraction f f ( 1 ð Þ. Two kinds of porosity distribution through the plate thickness among the metal and ceramic are considered in this study, following the choice made in [25] .
The porosity in the first scenario is even among the metal and ceramic. The modified rule of mixture is proposed as follows:
In which # c and # m are the ceramic and metal volume fractions, respectively and are related by the following:
and the power law of volume fraction of the ceramic # c is defined by [74] :
The gradient index k ð Þ dictates the material variation profile across the plate thickness. It is assumed that the effective Young's modulus E ð Þ and the mass density q ð Þ vary along the plate thickness while the Poisson's ratio m ð Þ is considered to be constant.
Hence, all properties of the imperfect FGAP can be written as follows:
Eq. (4) shows that if k ¼ 0 ð Þ, the plate reduces to a pure ceramic plate. As the gradient index increases, the ceramic volume fraction decreases until it is small enough such that the material properties tend to pure metal. The material properties of a perfect FGAP can be obtained when f ð Þ is set to zero. Thus, Young's modulus E ð Þ and material density q ð Þ expressions of the imperfect CCFGAP can be formulated as follows:
In the second scenario, the porosities are distributed around the middle zone of the cross section, and the amount of porosity decreases and tends to zero at the top and bottom of the cross section. Based on the principle of the multi-step sequential infiltration technique that can be used to produce FGM samples, the porosities mostly occur at the middle zone [75] . In this zone, it is difficult to infiltrate the materials completely while at the top and bottom zones and the process of material infiltration can easily be performed. It can also lead to less porosity. The expressions for Young's modulus E ð Þ and the material density q ð Þ in Eqs. (5) and (6) are modified as follows:
All of the material properties used in the present study are taken from Reddy et al. [76] and summarized in Table 1 . Young's modulus variations through the plate thickness adopted here are illustrated in Fig. 2 (a)-(d). As it can be seen in Fig. 2(a) , in which the variation of Young's modulus through the plate thickness without porosities is presented, the material composition is continuously varying in such a manner that the top surface z=h ¼ þ0:5 ð Þof the plate is ceramic rich, whereas the bottom surface z=h ¼ À0:5 ð Þis metal rich. In Fig. 2(b) and (c), two variations of Young's modulus through the plate thickness corresponding to two kinds of porosity distribution are presented. In Fig. 2(b) , in which the porosities are spreading within the plate cross section, one observes the same form of curves more than those obtained in Fig. 2(a) , with a decrease in Young's modulus, leading to a decrease in the plate stiffness through the whole plate cross section. In Fig. 2(c) , the porosities are spreading around the middle zone of the cross section, and the amount of porosity tends to zero at the top and bottom of the cross section. The maximum of Young's modulus is reached at the top and bottom of the cross section and decreases in the direction of the middle zone, leading to a low stiffness around the plate midplane. Fig. 2(d) shows that the second kind of porosity distribution exhibits a less decrease in the plate stiffness than the first kind does, except at the neutral surface where it is the same. The variation of Young's modulus through thickness of the imperfect FGAP with the first and second kind of porosity distribution is plotted in Fig. 3 where u z and u r are the displacements in the transverse z-direction and radial r-direction of the plate, respectively; W r; t ð Þ is the transverse displacement and U r; t ð Þ is the radial displacement of the mid-plane. The strains for a thin annular plate at any level z are obtained by using the geometric nonlinear theory of thin plates in a Von Karman's sense, leading to the following:
Total strain and kinetic energy expressions of FGAP
The total strain energy, V, of the annular plate is given as the sum of the strain energy due to the bending V b , the membrane strain energy due to the non-linear stretching forces induced by large deflections V m and the potential energy of the elastic foundation V f .
The expressions used for, V b ; V m ; V f and the kinetic energy T depend on the considered problem as well as the adopted hypotheses.
where
The extensional stiffness A 11 , extensional-bending coupling stiffness B 11 and bending stiffness D 11 of FGAP can be written as functions of the gradient index k ð Þ as follows: where K L ; K NL ; K S are the Winkler, non-linear and shear layer foundation parameters respectively. In most engineering applications of thin plates, rotatory and in-plane inertia effects can be neglected [78] . Thus, the kinetic energy of an annular plate reduces to the following:
and q is the mass per unit volume of the plate material.
The homogenization procedure
Herein, a new coordinate system is assumed which is at the distance d from the previous one [79, 80] , defined by:
where d is the vertical distance between the forgoing coordinate system and the new one. The new coordinate is applied and can be written as follows:
The effective extensional stiffness A 11 does not change in this new coordinate system.
Now, we put d ¼ B 11 =A 11 in order to achieve B 11 ¼ 0.
where D 11 is the effective bending stiffness.
As the vertical displacement in the new coordinate system is the same as in the previous one, Eqs. (14) and (15) in the new system can be converted to:
Discretization of the total strain and kinetic energy expressions
The transverse displacement function W r; t ð Þ, which is mainly concerned with the amplitude dependence of the first harmonic component spatial distribution, is given by: 
Governing equations
It is well known that the dynamic behavior for a conservative system may be obtained by the application of Hamilton's principle, which, if no forcing term is considered, can be written as follows:
Replacing T and V by their discretized expressions in the energy condition (39) , integrating the time functions over the range ð0; 2p=xÞ and calculating the derivatives with respect to the a 0 i s and b 0 i s, and taking into account the properties of symmetry of the tensors involved, lead to the following coupled two sets of non-linear algebraic equations: Table 2 First six dimensionless linear frequency parameters of the perfect CCFGAP transverse axisymmetric vibration for various inner to outer radius ratios (f = 0, k = 0). Table 3 Comparison of dimensionless linear frequency parameters of the perfect CCFGAP transverse vibration for various modes and inner to outer radius ratios (f = 0, k = 0). Table 4 First six dimensionless linear frequency parameters of the perfect CCFGAP in-plane axisymmetric vibration for various inner and outer radius ratios (f = 0, k = 0). 
To simplify the analysis and the numerical treatment of the set of non-linear algebraic equations, a non-dimensional formulation has been considered by putting the spatial displacement functions as follows:
To obtain non-dimensional parameters, the following relations can be put as such:
Eqs. (40a) and (40b) can be written in a non-dimensional form as follows:
The non-dimensional terms m Figure 4 Effects of the porosity volume fraction on the nonlinear frequencies associated with the CCFGAP fundamental nonlinear axisymmetric mode shape. Figure 5 Effects of the gradient index on the non-linear frequencies associated with the imperfect CCFGAP fundamental non-linear axisymmetric mode shape.
with:
In the case of thin plates, for which k is very small, the in-plane inertia term, involving the term k 2 , can be neglected. This is an acceptable assumption in most engineering applications of thin Figure 6 (a) Radial bending stress distribution, (b) radial membrane stress distribution, and (c) radial total stress distribution along the non-dimensional radius associated with the imperfect CCFGAP fundamental non-linear axisymmetric mode shape, at various dimensionless maximum vibration amplitudes. Figure 7 Effects of the gradient index on the distribution through the plate thickness of (a) the radial bending stress and (b) the radial membrane stress associated with the perfect CCFGAP fundamental non-linear axisymmetric mode shape at the inner edge of the plate.
plates [78] . Consequently, Eq. (43b) can be solved for the b i 's leading to:
where 
where b Ã ijkr is a fourth order tensor given by:
The CCFGAP geometrically non-linear vibration problem is now described by Eq. (53) which is identical to that of an isotropic homogeneous annular plate having the equivalent parameters defined above. Eq. (53) can be written in matrix form as follows: (70), it reduces to the eigenvalue problem:
which is the Rayleigh-Ritz formulation of the linear vibration problem. In order to obtain the numerical solution for the non-linear problem in the neighborhood of a given mode, the contribution of this mode is chosen and those of other modes are calculated numerically using the Harwell library routine NS01A, to obtain the numerical results presented for the r 0 th Figure 10 Effects of the porosity volume fraction on the distribution through the plate thickness of the radial membrane stress associated with the perfect CCFGAP fundamental non-linear axisymmetric mode shape at the inner edge of plate: (a) first kind of porosity distribution and (b) second kind of porosity distribution. Figure 11 Effects of the porosity volume fraction on the radial total stress associated with the imperfect CCFGAP fundamental nonlinear axisymmetric mode shape at the inner edge of the plate, for different levels of the plate cross section: (a) first kind of porosity distribution and (b) second kind of porosity distribution.
non-linear mode shape of CCFGAP. For the first mode, the procedure consisted of fixing a 1 and calculating the higher mode contributions from the system:
in which x Ã2 is obtained either, from the principle of conservation of energy V max ¼ T max ð Þapplied by Benamar and coauthors [53, 59, 64, 66 ] to many non-linear structural dynamic cases, where V max is the maximum value of the total strain energy obtained from Eq. (30) for t ¼ 2p=x, at which T ¼ 0, and T max is the maximum value of the kinetic energy obtained from Eq. (31), for t ¼ p= 2x
ð Þ, at which T ¼ 0, or from another formula for the ''non-linear Rayleigh quotient", that is based on an alternative mathematical procedure similar to that used in the linear case. It consists on pre-multiplying Eq. (57) by A f g T and then deducing the expression for the dimensionless non-linear frequency x Ã as follows:
Iterative numerical procedure
The Harwell library routine NS01A is based on a hybrid iterative method combining the steepest descent and Newton's methods. This method does not require a very good initial estimate of the solution [81] . A step procedure, similar to that described in Refs. [71] [72] [73] for fully clamped beams and rectangular isotropic and laminated plates is adopted here to ensure a rapid convergence while varying the amplitude, which allowed solutions to be obtained with a quite reasonable number of iterations (an average of 28 for po ¼ 6 ð Þnon-linear algebraic equations used in this work). For the first non-linear axisymmetric mode shape, the first calculation was made in the neighborhood of the linear solution by attributing a small numerical value a ð Þ to the coefficient a 1 of the basic function w Ã 1 . The resulting solution was then used as an initial estimate for the following step corresponding to a þ Da ð Þ . Thus, by choosing in each case the convenient value of the step Da ð Þ, the first non-linear axisymmetric mode shape has been calculated at various maximum vibration amplitudes extending up to a given value. The limit of error residuals is imposed to be lower than 10 À16 in all cases. For the first non-linear axisymmetric mode and for a given amplitude of vibration w Ã max , the numerical iterative procedure accurately determines the nondimensional non-linear frequency parameter x Ã and the corre-
. . . ; a 6 ½ which in turn gives the first non-linear axisymmetric mode shape: by computing the in-plane contribution coefficients b i from Eq. Figure 14 Effects of the non-linear foundation parameter on the distribution through the plate thickness of (a) the radial bending stress and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP. Figure 15 Effects of the shear layer foundation parameter on the distribution through the plate thickness of (a) the radial bending stress and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP. Figure 16 Effects of the combination of non-linear foundation parameter with shear layer foundation parameter on the distribution through the plate thickness of (a) the radial bending stress and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP.
where A i is chosen as follows:
and the eigenvalues g i are obtained from the fourth-order determinant of the homogeneous system which is obtained by applying the boundary conditions at each edge of the annular plate. The constants B i ; C i and D i are obtained by backsubstitution of the eigenvalues in the usual manner. g i is related to the ith dimensionless linear frequency parameter of the annular plate transverse axisymmetric vibration by:
Numerical results for the first six linear frequency parameters of the annular plate with clamped edges transverse axisymmetric vibration for various inner to outer radius ratios are summarized in Table 2 . The comparisons of the results obtained here and those found in [82] [83] [84] [85] are illustrated in Table 3 , for various linear modes m; n ð Þ and inner to outer radius ratios. It is observed that the present results are almost identical to those reported by these references.
The chosen in-plane basic functions u Ã i r Ã ð Þ for the axisymmetric vibration of the annular plate with clamped outer and inner edge are given by [86] .
where n i is the ith real positive root of the transcendental equation:
n i is related to the ith dimensionless linear frequency parameter of the annular plate in-plane axisymmetric vibration by:
Numerical results for the first six linear frequency parameters of the annular plate with clamped edges in-plane axisymmetric vibration for various inner to outer radius ratios are summarized in Table 4 .
Numerical results and discussion
The effect of the porosity on the fundamental non-linear frequencies of CCFGAP is plotted in Fig. 4 . As shown in this figure, the first kind of porosity distribution through the plate thickness tends to increase the non-linear frequencies of the imperfect plate compared to the case of the perfect plate, when the porosity volume fraction f increases, while the second kind of porosity distribution tends to decrease them. A comparison between the dimensionless frequency ratios associated with the fundamental non-linear axisymmetric mode shape of the perfect and imperfect plate with the first and second kind of porosity distribution is illustrated in Table 5 . The effect of the gradient index on the non-linear frequencies of the imperfect CCFGAP is plotted in Fig. 5 . For small vibration amplitudes, the variation in the gradient index has no significant effect on the frequencies associated with the fundamental non-linear axisymmetric mode shape, but at high vibration amplitudes, the non-linear frequencies increase for some values of the gradient index and decrease for other values.
The curves of Figs. 6 and 11 show the non-linear amplitude dependence of the stresses associated with the CCFGAP fundamental non-linear axisymmetric mode shape. Examination of Fig. 6(a)-(c) , shows an increase in the stresses with increasing the amplitude of vibration with a higher and rapid increase in the radial bending and total stresses closer to the clamped edges, especially for the inner edge of the CCFGAP. The radial bending r br ð Þ and membrane r mr ð Þ stress distributions through the thickness at the inner edge of plate, for different values of gradient index k ð Þ, are plotted in Fig. 7(a) and (b) respectively. It is obvious that when the gradient index increases the variation of Young's modulus becomes increasingly abrupt through the thickness. Consequently, the stresses vary accordingly. It is observed that, for the completely ceramic-rich or metal-rich plates, corresponding respectively to k ¼ 0 and k ¼ 1, the stress variation through the plate thickness is linear, while for the CCFGAP, the behavior is non-linear and is governed by the variation of the properties in the thickness direction. An analysis of the effects of porosity on the stresses in the CCFGAP, particularly the effects of the kind of porosity distribution through the annular plate thickness, leads to the following remarks:
-It can be seen from Fig. 8(a)-(c) that the radial bending stress at the plate mid-plane z Ã ¼ 0 ð Þis negligible. However, it may be noticed that the stresses are greater at the richceramic surface z Ã ¼ þ0:5 ð Þ , compared to those at the rich-metal surface z Ã ¼ À0:5 ð Þ . The stresses at the inner edge of the plate, associated with the second kind of porosity distribution, exhibits less change compared to the case of the first kind of porosity distribution. -It can be seen from Figs. 9(a) and (b), and 10(a) and (b) that the stresses decrease with increasing porosity volume fraction f ð Þ for the two kinds of porosity distribution considered. Figure 18 Effects of various elastic foundations on non-linear frequencies associated with the imperfect CCFGAP fundamental nonlinear axisymmetric mode shape.
-As shown in Fig. 11(a) and (b) , the effect of the porosity for the first kind is higher at both the rich-ceramic and richmetal surfaces. It decreases if one moves toward the annular plate mid-plane, where the stresses vanish. For the second kind of porosity distribution, this effect is higher in the middle zones of the plate cross section and decreases to zero when one moves toward the bottom and the top of the plate cross section.
In order to analyze the effects of elastic foundation parameters on the displacements, the CCFGAP fundamental nonlinear axisymmetric mode shape is plotted in Fig. 12(a)-(c) for the first kind of porosity distribution. The corresponding transverse displacement distributions through the plate thickness are plotted in Fig. 13(a)-(c) . Results show that the nonlinear and shear layer foundation parameters K NL ð Þ and K S ð Þ are more effective in reducing deflection than the Winkler foundation parameter K L ð Þ. Increase in shear layer K S ð Þ and non-linear K NL ð Þ foundation parameters causes decrease in the plate deformation. The decrease in the displacement indicates that the increase in the foundation stiffness will certainly enhance the plate rigidity.
The radial and membrane stress distributions through the plate thickness at the inner edge are plotted in Figs. 14-16 for various elastic foundations. All curves show that, the radial membrane stress r mr ð Þ is negligible compared to the radial bending stress r br ð Þ; therefore, it does not have any influence on the radial total stress r tr ð Þ. Fig. 14(a) and (b) shows that the increase in non-linear foundation parameter K NL ð Þ causes decrease in the radial bending r br ð Þ and radial membrane r mr ð Þ stresses, therefore, a decrease in the total radial stress r tr ð Þ. As can also be seen from Fig. 15 , an increase in shear layer foundation parameter K S ð Þ causes, (a) a decrease in radial bending stress r br ð Þ, and (b) an increase in radial membrane stress r mr ð Þ. The rate of decrease or of an increase in stresses is higher at rich-ceramic surface than at the richmetal surface of the plate. It can be observed from Fig. 16(a) and (b) , that the radial bending r br ð Þ and radial membrane r mr ð Þ stresses decrease with increasing K NL ; K S ð Þ . This appears logic since r mr ð Þ is negligible compared to r br ð Þ. In order to analyze the effect of the elastic foundation parameters on the non-linear frequencies of the CCFGAP, the frequency ratio variation, versus the maximum non-dimensional amplitude of vibration, and for various foundation parameters, is depicted in Figs. 17 and 18 for the fundamental non-linear axisymmetric mode shape, and is illustrated in Table 6 for both the first two non-linear axisymmetric mode shapes. All curves and Table 6 show the amplitude dependence of the non-linear frequencies as it has been shown in previous studies [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] for beams, shells and plate-like structures. As it can be seen from these figures and this table, the non-linear frequencies decrease with increasing K L ; K S ð Þand increase with increasing K NL ð Þ. The fundamental non-linear axisymmetric mode shape exhibits more decrease and increase in the frequencies than it does the second non-linear axisymmetric mode shape, and the rate of decrease and of increase increases with increasing the vibration amplitude. It is observed in Fig. 18 (b) that the increase of K L ; K NL ð Þ leads to an increase in the non-linear frequencies with the vibration amplitudes. However, the increase of K L ; K S ð Þ or K NL ; K S ð Þ leads to a decrease in the non-linear frequencies as shown in Fig. 18(a) and (c).
Conclusion
The geometrically non-linear free vibrations analysis of imperfect CCFGAP, resting on elastic foundations, with two types of porosity distribution through the plate thickness, have been presented using a semi analytical method based on Hamilton's principle and spectral analysis. A homogenization procedure, which has been proposed, reduces the examined problem to that of an equivalent isotropic homogeneous annular plate. The influence of the porosity volume fraction and its distribution through the plate thickness, the distribution of the material properties through the plate thickness and the elastic foundation parameters on non-linear vibration responses of the CCFGAP have been carefully examined and discussed. Concerning the effect of the geometrical non-linearity on the frequencies, the obtained curves show a non-linearity of the hardening type (i.e., the frequency increases with increasing the vibration amplitude). It is also shown that the geometrical non-linearity induces a deformation of the fundamental axisymmetric mode shape which induces a significant increase in the resulting stresses at the inner and outer plate edges. In view of the numerical results obtained, some concluding remarks may be formulated as follows: Table 6 Effect of the three elastic foundation parameters on the non-linear dimensionless frequency ratios (x Ã nl =x Ã l Þ associated with the CCFGAP first two non-linear axisymmetric mode shapes, at various non-dimensional maximum amplitude of vibration (a = 0.1, f = 0.2, k = 0.5). For small vibration amplitudes, porosity volume fraction f ð Þ and the gradient index k ð Þ have no significant effect on the frequencies and stresses associated with the CCFGAP fundamental non-linear axisymmetric mode shape, but it may have a considerable effect at high vibration amplitudes. The increase in the porosity volume fraction f ð Þ causes an increase in the non-linear frequencies for the case of the first kind of porosity distribution through the plate thickness, and a decrease in the frequencies for the second kind of porosity distribution case. The increase in the porosity volume fraction f ð Þ causes a decrease of Young's modulus of the plate for the two kinds of porosity distribution considered, and therefore leads to a decrease in the stresses in the plate. The variation of Young's modulus becomes increasingly abrupt through the plate thickness for higher values of the gradient index k ð Þ, and it consequently leads to an increase in the stresses in an abrupt manner. The analysis of the influence of the foundation parameters on the geometrically nonlinear free vibration response of CCGAP reveals that, for small vibration amplitudes, the foundation parameters have no significant effect except at high vibration amplitudes: -The CCFGAP deflections decrease with increasing the foundation parameters. Þ causes an increase in frequencies associated with the first two non-linear axisymmetric mode shapes. -The effect of the foundation parameters on the nonlinear frequencies associated with the first non-linear axisymmetric mode shape is more accentuated than that associated with the second non-linear axisymmetric mode shape, and this effect increases with increasing the vibration amplitude.
The gradient index, porosity volume fraction, type of porosity distribution through the plate thickness and elastic foundation parameters have a significant influence on the geometrically non-linear free vibration response of the CCFGAP at large amplitudes. Further investigations are needed to examine the effects of the porosity, the boundary conditions, and the elastic foundation parameters on the thermo-mechanical behavior of FGAP at large vibration amplitudes.
